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Abstract 

Let G be a group acting faithfully on a set X. The distinguishing 
number of the action of G on X, denoted Dg(X), is the smallest number 
of colors such that there exists a coloring of X where no nontrivial group 
element induces a color-preserving permutation of X. In this paper, we 
consider the distinguishing number of two important product actions, the 
wreath product and the direct product. Given groups G and H acting 
on sets X and Y respectively, we characterize the distinguishing number 
of the wreath product G Iy H in terms of the number of distinguishing 
colorings of X with respect to G and the distinguishing number of the 
action of H onY . We also prove a recursive formula for the distinguishing 
number of the action of the Cartesian product of two symmetric groups 
S m x S n on [m] x [n]. 

1 Introduction 

Let G be a group acting faithfully on a set X. For r G N, an r-coloring of X is 
a function c: X — > {1, . . . , r}. A permutation n of X preserves the coloring c if 
c(x n ) = c(x) for all x € X . A coloring is said to be distinguishing if the only 
element in G that induces a color-preserving permutation of X is the identity 
element. The distinguishing number of the action of G on X, denoted Dg{X), 
is the smallest r admitting a distinguishing r-coloring of X with respect to the 
action of G. If there docs not exist a distinguishing r-coloring of X for any finite 
r, we say that Dg(X) = oo. 

Note that wc may equivalently view a distinguishing r-coloring of X as 
a partition {X±, . . . ,X r } of X into disjoint classes with the property that G 
intersects the permutation group X\\ x . . . x X r l trivially. The distinguishing 
number is then the smallest number r admitting such a partition, or oo if no 
such r exists. 
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In |21, Albertson and Collins first introduced the distinguishing number as 
a property of graphs. More specifically, the distinguishing number of a graph 
M, denoted D(M), is the smallest number of colors admitting a coloring of the 
vertices such that the only color-preserving automorphism of M is the identity; 
thus D(M) = D xut{M)(y {M)) . The distinguishing number of several families of 
graphs, including trees, hypcrcubcs, and generalized Petersen graphs, has been 
computed in 0, 0, and In Tymoczko generalized the notion of 
the distinguishing number to group actions on sets and studied the actions of 
S n . In [S], we provided upper bounds for the distinguishing numbers admitted 
by a large class of groups including nilpotent and supersolvable groups. 

We would like to better understand the distinguishing number in the gen- 
eralized context of group actions introduced by Tymoczko. To this end, we 
consider the behavior of the distinguishing number with respect to two natural 
and important group products: the wreath product and the direct product. Not 
only are these products and their associated actions of intrinsic interest, they 
also allow us to relate the distinguishing number of the action of a large group 
to the distinguishing numbers of the actions of smaller groups. 

In Section [2J we completely characterize the distinguishing number of the 
action of the wreath product of two groups on the Cartesian product of their 
sets. Our result relates the distinguishing number of the wreath product action 
to the distinguishing number of one group action and the number of distinct 
distinguishing colorings of the other group action. As immediate corollaries, 
wc derive an upper bound for the distinguishing number of imprimitive group 
actions and a lower bound for the distinguishing number of the lexicographic 
product of two graphs. 

In Section we give a recursive formula for the distinguishing number of 
the direct product of two symmetric groups acting on the direct product of their 
sets. This gives an upper bound for the general direct product action. 

Our definition of the distinguishing number of a group action differs from 
the one given in [1'6\ in that we require the action to be faithful. This appar- 
ent restriction does not actually limit the question being considered. Given a 
nonfaithful action of G on X, we may consider instead the faithful action of 
the quotient group G / Stab(X) on X, where Stab(X) denotes the elements of 
G that fix each x £ X. Also, in contrast to both [5] and we do not require 
our groups and sets to be finite, simply because there seems to be no reason to 
do so. We only note that if G is an infinite group acting faithfully on a set X, 
then X must be infinite as well. 

Throughout the paper, we denote group actions by exponentiation on the 
right. Thus, the image of an element x £ X under the action of g £ G is denoted 
x 9 , and we have (x 91 ) 92 = x^- 9l92 > for all <h, <?2 £ G. The exponentiation notation 
has the advantage of being relatively intelligble in more complex actions such as 
the wreath product action. Also, if n is a positive integer, we use [n] to denote 
the set {1, . . . , n}. 
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2 The wreath product action 



Our main goal in this section is to compute the distinguishing number of the ac- 
tion of the wreath product of two permutation groups on the Cartesian product 
of the sets upon which they act. 

Before defining the wreath product action, let us first recall the definition of 
the semidirect product of two groups. Let A and B be our groups, and suppose 
we have a homomorphism <f>: B — > Aut(A). This homomorphism determines an 
action of B on A which we will denote by right exponentiation, thus 4>(b) : a i— > 
a b . Then the semidirect product of A and B according to this action is denoted 
A x ^ B and is the group whose elements are Ax B and whose law of composition 
is given by 

(ai,bi){a 2 ,b 2 ) = (ai(a 2 bl ),hb 2 ). 

Note that the semidirect product of two groups is not in general uniquely de- 
fined, but rather is dependent upon the choice of <j>. 

Now, let G and H be groups acting faithfully on sets X and Y respectively. 
Let G Y denote the set of functions from Y to G. We equip G Y with group 
structure in the following way: given two functions f\ and f 2 in G Y , let fif 2 
be the function given by fif 2 : y i— > fi(y)f 2 (y)- Note that the identity element 
of G Y is the constant 1 function 1: y i— > 1. Now, define a homomorphism 
<f>: H — ► Aut(G y ) as follows: for each h £ H, we let (f h )(y) = f(y hl ), where 
f h denotes the image of / under h according to the right action of H on G Y 
determined by <p. Then the wreath product of G and H is denoted G ly H and 
is equal to the semidirect product G Y x^ H. We note that the identity element 
of this group is (1,1). Finally, we define a right action of G ly H on the set 
X x Y, defined as follows: for any (x, y) £ X X Y and (/, h) £ G ly H we let 
{x,y)^' h ^ = (x f( - y \y h ). This action is clearly faithful. 

The wreath product action arises naturally in several important instances. 
In order to motivate the ensuing discussion on the distinguishing number of this 
action, we state a few of them below. 

Recall first that an action of a group K on a set £1 is transitive if for every 
uji,ui 2 £ f2, there exists k £ K such that io\ k = uj 2 . An equivalence relation ~ 
on Vi is K -invariant if io\ ~ uj 2 implies LO\ k ~ uj 2 k for all ll>i,oj 2 £ ft and k £ K . 
Thus we always have two if-invariant relations: the universal relation and the 
relation of equality. We will call these trivial relations. A transitive action of 
K on f2 is imprimitive if it admits a nontrivial /-^-invariant relation. A block of 
imprimitivity is an equivalence class under such a relation. 

The following proposition tells us that every faithful group action that is 
transitive but imprimitive is embeddable in a wreath product action. 

Proposition 2.1. J4J Theorem 2.7] Let K be a group acting faithfully, transi- 
tively, and imprimitively on Q. Let X be a block of imprimitivity of this action, 
and let Y = {X k | k £ K} be the set of images of X under the action of K . Let 
G be the permutation group arising by restricting the setwise stabilizer of X to 
X , and let H be the permutation group that K induces on Y . Then there exists 
an embedding of the action of K on Q into the action of G ly H on X x Y . 
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The significance of Proposition ^. II in the context of distinguishing numbers 
becomes apparent once we state the following lemma. 

Lemma 2.2. Suppose G acts faithfully on X. Let H be a subgroup of G and 
consider the action of H on X obtained by restricting the action of G. Then 
D H (X)<D G (X). 

Proof. If Dg(X) = oo, there is nothing to prove. Otherwise, there exists a 
Z?G(X)-coloring of X such that no nonidentity clement of G is color-preserving. 
In particular, no nonidentity clement of H < G is color preserving. So Dq(X) 
colors suffice to distinguish the action of H on X. □ 

Thus, Proposition 12 . II tells us that for a faithful, transitive, and imprimitivc 
action of K on and G, H, X, and Y as defined above, 

D K (Q) < D G IyH (X x Y). 

In other words, the distinguishing number of a wreath product action gives an 
upper bound for the distinguishing number of an imprimitivc action embedded 
in it. We refer the reader to @] for a more detailed discussion of imprimitivc 
actions and the wreath product. 

As a second example, consider the wreath product of two graphs, also called 
the graph lexicographic product or graph composition. Given graphs T\ = 
(Vi,Ei) and T2 = (V2, E2), the wreath product ri[r 2 ] is defined to be the graph 
on vertex set V\ x V2 in which two vertices (v\, V2) and (u>i, W2) are connected by 
an edge if and only if (vi,Wi) € E\ or (vi = w\ and (^2,^2) € E2). Note that 
Aut(ri) ;y(r 2 ) Aut(r 2 ) < Aut(ri[r 2 ]), so by Lemma the distinguishing 
number of the wreath product action gives a lower bound 

D{Y 1 [Y 2 ]) > D Aut{Fl) lv(ra)A ut(r a )(Vi x V 2 ). 

In |12| . Sabidussi gives necessary and sufficient conditions for Aut(ri) lv(r 2 ) 
Aut(r 2 ) = Aut(ri[r 2 ]), in which case this lower bound becomes equality His 
work is generalized in jlOj and extended to color digraphs in j^j. 

With these examples in mind, we now present the main theorem of this 
section characterizing the distinguishing number of the wreath product action. 

Theorem 2.3. Let G and H act faithfully on sets X and Y respectively. For 
each positive integer r, let n r be the number of distinct distinguishing r-colorings 
of X, and let D H (Y) = d < 00. Let S be the set {r \ n T > d\G\} . Then 

}Y V ' \oo ifS = $ 

Proof. We will consider the finite and infinite cases separately. 

Case: S ^ 0. Let k = mm(S'). We begin by constructing a distinguishing 
fc-coloring of X x Y. Let A be the set of distinguishing fc-colorings of X, thus 
\A\ = iik- Now consider the action of G on A defined as (a 9 )(x) = a(x 9 ) 
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for each a £ A and g £ G. Each a £ A is distinguishing, so it has trivial 
stabilizer and orbit length |G|. Therefore the number of orbits of the action of 
G on A is |A|/|G| = nk/\G\. Since nk/\G\ > d, we may choose d distinguishing 
fc-colorings of X in pairwise disjoint orbits. Call these fc-colorings oi,... , a^. 
Now, let b be a distinguishing d-coloring of Y with respect to the action of H 
(the existence of which follows from the assumption that Dh(Y) = d). Let 
C: X X Y — ► {1, . . . , k} be given by C: (x, y) i— > au y \{x). We claim that C is a 
distinguishing fc-coloring of X x Y . 

Suppose that (/, h) £ G ?r preserves C. We wish to show that (/, h) = 
(1,1). First, we show that h preserves the coloring b. We know that for each 
(x,y) £ X x Y, C(x,y) = C((x,y)^) = C(x fi - y \y h ). By definition of C, we 
have ab( y h\(x^ v ') = a,b( y )(x), and so a^r y h\^ y ' = a,b(y)- Therefore a,b(y h ) an d 
a>b(y) € ^ are in the same orbit under the action of G. But we chose Oj and a 3 
to be in different orbits if i ^ j. Therefore, b(y h ) = b(y) for each y £ Y. Thus, 
h permutes the elements of Y in a way that preserves the coloring b. Since b is 
a distinguishing coloring of Y, we must have h = 1. 

Now we show that /(y) = 1 for each y £ Y. Indeed, the fact that (/, 1) 
preserves C gives that ) = a,b( y )(x) for each x £ X , y £ Y . Thus 

f(y), considered as a permutation of X, preserves the coloring a^y) of X. Since 
each a,b(y) is a distinguishing coloring of X, we have f(y) = 1 for each y. Thus, 
/ = 1, and (/, h) = (1, 1), and we conclude that C is a distinguishing fc-coloring 

ofixy. 

It remains to be shown that every distinguishing coloring ofXxF uses at 
least k colors. Suppose that C is a distinguishing Z-coloring of X x Y; we will 
show that I > k. For each y £ Y, let a y : X — * {1, . . . , Z} be given by d s : i ^ 
C'{x,y) for each x £ X. Now, we claim each a y must be a distinguishing Z- 
coloring of X. For if <? G G preserves a y , let / £ G Y be given by f(y') = g if 
y' = y and /(?/) = 1 otherwise. Then (/, 1) £ G Iy H preserves C, and since 
C is a distinguishing coloring of X x Y", we have / = 1 and .9 = 1. So a y is a 
distinguishing Z-coloring of X for each y € Y. 

Now let A' be the set of distinguishing Z-colorings of X, thus \A'\ = nj. 
Let O = {O an orbit of the action of G on A' | a y £ O for some y £ Y}. Let 
|0| = d', and write O = {Oj, . . . , O d >}. Now let 6: F -> {1, . . . , d'} be given 
by b: y i— > i if a y is in orbit O^. The function 6 is well-defined since the orbits 
are disjoint. We claim that & is a distinguishing d'-coloring of Y. To verify this 
claim, suppose h £ H preserves b. This means that b(y h ) = b(y) for each y, so 
a y h and a y are in the same orbit of G on A' for each y. Then for each y £ Y , let 
g y £ G be the element taking a y h to a^, thus (a y h) 9v = a y . Now let /: Y — ► G 
be given by /: y i-> g^ 1 ■ We claim that (/, h) £ G Iy H preserves the coloring 
C. Indeed, for each (x,y) £ X x Y, wc have G'((a;, y)^) = C'(x B y~\y h ) = 
a y h(x 9y ) = (a y h) 9v (x) = a y (x) = C'(x,y). Since C was assumed to be a 
distinguishing coloring of X x F, we have (/, h) = (1, 1) so /i = 1. Thus, & is a 
distinguishing d'-coloring of F. Since Dh(Y) = d, we have (f > d. 

Finally, we note again that since each a 1 £ A' is a distinguishing coloring, it 
has trivial stabilizer and orbit length |G| under the natural action of G. Then 
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the number of orbits of this action is = rii/\G\. But the number of 

orbits is at least |0| = d! > d, so n; > d'\G\ > d\G\. Since k was the minimum 
number such that d\G\ < Ufe, we have / > k. Thus every distinguishing coloring 
oflxy must use at least k colors, and we conclude that Dq i y h{X xY) = k. 

Case: S = 0. We have seen above that if X x Y had a distinguishing l- 
coloring for finite I, then n; > d\G\. Since no such n; exists, we must have 
D G 1yH {X x Y) = oo. 

□ 

In 0, Cheng shows that n r , the number of distinct distinguishing r-colorings 
of X with respect to the action of G, is always a monic polynomial in r of degree 
\X\. She furthermore gives a recursive formula that computes n r in the case 
that G is the automorphism group of a tree acting on vertex set X. It seems 
that n r is in general difficult to compute. However, we give an explicit formula 
for the special cases G = S n and G = A n in the following corollaries. 

Corollary 2.4. Suppose H acts faithfully on Y with distinguishing number d. 
Then D Sn lyH {[n] X Y) = mm{r | Q > d}. 

Proof. The distinguishing number of S n on [n] is clearly n. So for a fixed r, 
there are {^)n\ = \L)\S n \ distinguishing r-colorings of [n]. □ 

Before presenting the next corollary, we first consider the action of the al- 
ternating group A n on [n]. 

Lemma 2.5. Da„(M) = n — 1. 

Proof. Given n — 1 distinct colors, we may color the elements of [n] such that 
only 1 and 2 in [n] share a color. Since the transposition (1 2) is not in A n , no 
nontrivial permutation preserves this coloring. On the other hand, with n — 2 
or fewer colors available, either at least three elements a, b, and c £ [n] share a 
color, in which case (a b c) is color-preserving, or we have at least two pairs of 
elements, a and b colored identically and c and d colored identically, in which 
case (a 6)(c d) is color-preserving. Thus A n has distinguishing number n — 1 in 
its natural action. □ 

Corollary 2.6. Suppose H acts faithfully on Y with distinguishing number d. 
Then D An wH ([n] x Y) = min{r | (n - l)( n r _A + 2Q > d}. 

Proof. There are { n r _^j{^){ n ~ 1)! ways to choose a distinguishing coloring of 
[n] using n — 1 distinct colors. There are (^) n - wa ys to choose a distinguishing 
coloring of [n] using n colors. Thus, we require ( n Li)(2j( n — 1)' + — 
d\A n \ = d(?j), whence the result follows. 

□ 
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3 The direct product action 



Given groups G and H acting faithfully on sets X and Y respectively, what is 
the distinguishing number of G x H acting on X x Yl In this section, we answer 
the above question when G and H are the full symmetric groups S m and S n 
in their natural actions on [to] and [n]. Because the distinguishing number of 
the natural action of the symmetric group is easily computable, and the direct 
product is such a simple way to combine two group actions, it is quite surprising 
that the characterization of F>s m xs n ([ m ] x N) is so complex. Yet this action is 
of particular interest because it gives an upper bound for all finite direct product 
actions. Specifically, if G and H are groups acting faithfully on sets X and Y 
of cardinalities to and n respectively, then by Lemma 12.21 we have 

D GxH (X xY)< D SmXSn ([m] x N). 

We will see that Ds m xs n ([ m \ x N) is often very small, so the upper bound given 
above is often a useful one. In general, Ds m x s„ ( [to] x [n]) does not depend so 
much on the absolute size of m and n as it depends on their relative size. 
The farther apart m and n are, the greater the distinguishing number of the 
corresponding action is. 

We first prove the well-defincdncss of a function that will be used in the 
main theorem. 

Lemma 3.1. Fix k > 2. Then there is a unique function fk '■ {2, 3, ...}—> N 

satisfying: 

(1) if m < k then /fc(m) = 1, and 

(2) if m > k then fk(m) is the smallest integer t such that 1 < t < m and 
m<k*-f k {t). 

Proof. We fix k > 2 and proceed by induction on m to show that fk(m) is well- 
defined. If m < k, then /fc(m) = 1. Now suppose m > k and assume inductively 
that fk{i) is well-defined for 1 < i < m. It suffices to show that the set 

Sk.m = {t | 1 < t < m and m < k* — fk(t)} 

is nonempty Note that if t < to, then f k (t) < t — 1 by the inductive hypothesis. 
Thus, fc m_1 — fk(m — 1) > k" 1 ^ 1 — (m — 2). Furthermore, one may check that 
fc" 1 " 1 - (to - 2) > to. for each k > 2 and m > 2. So 

mKk™- 1 - f k {m-l). 

Thus, to — 1 G Sk, m and therefore /^(to) = min(S'fe jm ) is well-defined for each 
to. □ 

Theorem 3.2. Fix m > 2 and n > 1 and let fk(jn) be defined as in Lemma 
HO Then the set 

T m , n = {k > 2 | fk(m) <n<k m - f k (m)} 

is nonempty, and 

As m xS„(M x N) = min(T m ,„). 
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Note that we restrict m > 2 only for convenience in the proof; if m = 1 
then the action of S m x S n is isomorphic to the action of S n on [n] and has 
distinguishing number n. Also, it is interesting that the symmetry between m 
and n is not at all obvious from the formulation of Theorem 13. 21 

Throughout the proof, we will regard the set [m] x [n] as a grid of m rows 
and n columns. An clement of S m x S n acts on this grid as a permutation of the 
rows followed by a permutation of the columns. We can think of a coloring of 
the m x n grid as composed of n column colorings. In a distinguishing coloring, 
each of the n column colorings must be distinct, for otherwise two identically 
colored columns could be transposed to produce a nontrivial color-preserving 
permutation. We also note that if every column in a grid has a distinct coloring, 
the only color-preserving group element that leaves the rows unchanged is the 
identity element. 

We will show that fk(m) gives the smallest number n such that the m x n 
grid has a distinguishing fc-coloring. Furthermore, we will prove that the m x x 
grid has a distinguishing fc-coloring precisely when x is between /fe(m) and 
k m — The proof of this fact will proceed by induction on fc with base 

case fc = 2. The theorem then follows. 

We first show that if n is too large with respect to m and k, then k colors 
do not suffice for a distinguishing coloring. 

Lemma 3.3. If n > k m then the m x n grid does not have a distinguishing 
k-coloring. 

Proof. Let c be a fc-coloring of the m x n grid. Then each column must have 
a distinct coloring. There are k m possible column colorings, so we must have 
n = k m and each column coloring is used exactly once. But then for any 
nontrivial row permutation a, there exists a nontrivial column permutation r 
such that a and r induce identical changes in the coloring c. Then (a, t -1 ) is 
a nontrivial color-preserving permutation of the m x n grid, contradicting the 
assumption that c is distinguishing. 

□ 

Lemma 3.4. Suppose 1 < n < k m — 1. Then the mxn grid has a distinguishing 
k-coloring if and only if the m x (k m — n) grid has a distinguishing k-coloring. 

Proof. Proving one direction suffices by symmetry Let c be a distinguishing 
fc-coloring of the mxn grid. Then c uses exactly n of the k m possible column 
colorings. Let d be a coloring of the m x (fc m — n) grid where each of the 
remaining k m — n column colorings is used exactly once. We claim that c' is 
distinguishing. 

Any nontrivial row permutation a applied to the coloring c of the mxn grid 
must introduce some column coloring not occurring in c (and therefore occurring 
in c'). For otherwise, a would only have permuted the column colorings of c 
and so some column permutation t could restore c, contradicting the assumption 
that c is distinguishing. But then a applied to the coloring c' of the m x (fc m — n) 
grid must introduce some column coloring not in d . This shows that a cannot 



be the row component of a permutation that preserves d . So only permutations 
that leave the rows unchanged could possibly preserve c'. But we have already 
noted that only the identity element falls into this category. This proves that 
c' is distinguishing. 

□ 

The next two lemmas give some conditions under which fc colors do not 
suffice for a distinguishing coloring. 

Lemma 3.5. If 1 < n < fk(jn) then the m x n grid does not have a distin- 
guishing k- coloring. 

Proof. Fix k and proceed by induction on m, with base cases m < k that are 
vacuously true since /fc(m) = 1 in this case. Also note that if n = 1 then 
our assumption on n gives that fk(m) > 1, so m > k and there does not 
exist a distinguishing fc-coloring of the raxl grid. So we may assume n > 2. 
Now, n < fk(jn) implies that m > k n — fk{n) by definition of //c(ti)- So 
k n — m < fk{n). If m > k n then the m x n grid does not have a distinguishing 
fc-coloring by Lemma f3. 31 So suppose instead that 1 < k n — m < fk(n). Since 
n < fk{m) < m, we may apply the inductive hypothesis to conclude that there 
does not exist a distinguishing fc-coloring of the n x (fc™ — m) grid. Then by 
Lemma 13.41 there docs not exist a distinguishing fc-coloring of the n x m grid, 
and therefore of the m x n grid. □ 

Lemma 3.6. If k m — fk(ni) < n < k m — 1 then the m x n grid does not have 
a distinguishing k- coloring. 

Proof. This result follows from Lemma T3. 41 and Lemma T3.5I □ 

The next lemma is the key result that allows us to construct distinguishing 
colorings of large grids from distinguishing colorings of small ones. 

Lemma 3.7. Suppose c is a distinguishing k-coloring of the m x n grid and N 
is the number of column colorings that cannot be obtained via a row permutation 
from some column coloring in c. Then for every I satisfying n < I < n + N , the 
m x / grid also has a distinguishing k-coloring. 

Proof. We construct a distinguishing fc-coloring of the m x I grid, where n < 
I < n + N, as follows. Color the leftmost n columns as they are colored in 
c; at most N columns remain. Color these remaining columns with distinct 
column colorings, none of which can be obtained from some column coloring in 
c via a row permutation. Call the resulting coloring c'. We claim that this is 
a distinguishing coloring of the m x / grid. Any nontrivial row permutation a 
must take some column coloring in c to one not in c; otherwise some column 
permutation r could restore c, contradicting that c is distinguishing. This means 
that a must also take some column coloring in c! to one not in c', for none of 
the additional column colorings in c' can be obtained via a row permutation. 
This shows that no nontrivial row permutation can be part of a color-preserving 
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permutation of d . Since d gives a distinct coloring for each column, it must 
therefore be distinguishing. 

□ 

The next three lemmas give some conditions that guarantee the existence of 
a 2-coloring. This case will provide the base case of a proof that proceeds by 
induction on the number of colors. 

First, we note that a coloring is distinguishing if each column coloring is 
distinct and each row contains a different number of color 1 entries. 

Lemma 3.8. Let c be a 2-coloring of a grid such that each column has a different 
coloring and each row has a different number of color 1 entries. Then c is 
distinguishing. 

Proof. A transformation that preserves c cannot permute the rows nontrivially, 
since each row has a different number of color 1 entries. So it cannot permute 
the columns nontrivially either, since each column has a distinct coloring. 

□ 

Lemma 3.9. The to x m grid has a distinguishing 2-coloring. 
Proof. Let 

c((i,j)) = 



1 if i < j, 

2 otherwise. 



Then Lemma T3.8I gives that c is distinguishing. □ 

Lemma 3.10. For each m > 2, if fn^m) < n < 2 m — /2(to) then there exists a 
distinguishing 2-coloring of the my, n grid. 

Proof. We proceed by induction on m. If m — 2 then wc note that the 2x1, 
2x2, and 2x3 grids have distinguishing 2-colorings 

2 ) ' ( 1 2 ) ' and ( 1 2 2 

respectively. Now, suppose that for each 2 < i < to, we know that the ixn grid 
has a distinguishing 2-coloring if < n < 2 1 — /2(a)- We wish to show that 
this property holds for to. Note that it suffices to prove that to x n grid has a 
distinguishing 2-coloring if / 2 (m) < n < (2 m )/2 = 2 m_1 , for the remaining case 
2»n-i < n ^ 2™ — / 2 (m) must then hold by the symmetry provided by Lemma 
13.41 We will make repeated use of this condition. 

Case T. /2(to) < n < m. Now, to is at least 3 so n > /2(to) > 2. Applying 
the inductive hypothesis for n, it suffices to prove that f-2,{n) < to < 2™ — /^(n). 
The first inequality is certainly true since fi(n) < n < m. As for the second, 
note that by its definition, /2(to) satisfies m < 2^ 2 ^ m ^ — /2(/2 Now, one 
may show inductively that f2{x) increases by at most 1 when x increases by 
1. Then 2 X — / 2 (:r) is an increasing function of x, so since n > /2(to), we have 
to < 2" — / 2 (n) as desired. 
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Case 2: m < n < 2 m ~ 1 . We break the analysis into further cases. 

Case 2.1: to = 3. We need to check the cases n = 3 and n = 4. If n = 3 
then the to x n grid has a distinguishing 2-coloring by Lemma [3.91 If n = 4 
then the coloring 

1112 
112 2 
12 2 2 

is a distinguishing 2-coloring of the 3x4 grid by Lemma fa. 81 
Case 2.2: m = 4. The coloring 



/ 1 


1 


1 


2 \ 


1 


2 


2 


1 


2 


1 


2 


2 


V 2 


2 


2 


2 / 



gives a distinguishing 2-coloring of the 4x4 grid by Lemma fa. 81 Each column 
contains either 1 or 2 entries of color 1, so there are 2 4 — ((J + ( 2 )) = 6 possible 
column colorings that cannot be obtained from any of the above 4 column 
colorings via a row permutation. Lemma |3.7I then tells us that the 4 x n grid 
has a distinguishing 2-coloring if 4 < n < 10, which is more than sufficient since 
2 4 - 1 = 8. 

Case 2.3: m = 5. The coloring 



/ 1 


1 


1 


1 \ 


1 


1 


1 


2 


1 


2 


2 


1 


2 


1 


2 


2 


V 2 


2 


2 


2 / 



gives a distinguishing 2-coloring of the 5x4 grid by Lemma f3. 81 Each column 
contains either 2 or 3 entries of color 1, so Lemma f3. 71 tells us that the 5xh 
grid has a distinguishing 2-coloring if 4 < n < 4 + 2 5 - ((|) + (3)) = 16. 

Case 2.4'- m > 6 is even. First, we note that the m x m grid has a distin- 
guishing 2-coloring by Lemma fa .91 We construct a distinguishing 2-coloring c 
of the m x (m + 1) grid as follows: let 



2 if (j = 1) and (i = 2 or i > to/2 + 2), 

2 if [j = 2) and (3 < i < to/2 + 1 or i = m), 

= { 2 if (3 < j < m/2 + 1) and (j < i < m/2 or i > m -j + 2), 

2 if (m/2 + 1 < j < m + 1) and (i = m + 2 — j or (i > to/2 and i ^ 3to/2 + 2 — j)), 

1 otherwise. 
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As an example, c is shown below for to = 10. 



/11111111112\ 
2 111111112 1 
12211111211 
1 2 2 2 1 1 1 2 1 1 1 
1 2 2 2 2 1 2 1 1 1 1 
1 2 1 1 1 2 2 2 2 2 1 
21112222212 
21122222122 
21222221222 
\22222212222/ 

The coloring c has the property that each column has a distinct coloring and 
each row contains a different number of entries of color 1. (In fact, the i th row 



contains m + 1 — i entries of color 1). So by Lemma 13.81 c is distinguishing. 
One may check that each column has to/2 entries of color 1 and to/2 entries 
of color 2, so by applying Lemma [3.71 to c, we find that the to x n grid has a 
distinguishing 2-coloring if to < n < (to + 1) + 2 m — („™ 2 ) ■ One ma y cnec k that 
C/ 2 ) ^ 2 ' m ~ 1 ' so that (m+l) + 2 m - ( ™ ) > 2™- 1 as desired. 

Case 2.5: to > 6 is odd. Then to— 1 > 6 is even, so let c be the distinguishing 
2-coloring of the (m — 1) x to grid as given above in Case 2.4. Let d be a 2- 
coloring of the to x to grid obtained by adding a row of entries colored 1 to 
the top of c. Then in c', each column has a distinct coloring, and each row 
contains a different number of entries of color 1. (In fact, the i th row contains 
to + 1 — i entries of color 1). So by Lcmma l3.8l c' is distinguishing. Furthermore, 
each row column contains (to + l)/2 entries of color 1 and (to — l)/2 entries 
of color 2, so by Lemma f3. 71 the to x n grid has a distinguishing 2-coloring if 
m < n<m + 2 m - ( (m ™ 1)/2 )- One may check that ( (m ™)/ 2 ) < ^ m ~ 1 , so that 
m + 2™ — (( m Z^)/ 2 ) > 2" l ~ 1 as desired. This completes the proof of Lemma 

mm □ 



Lemma l3 . 1 01 will serve as a base case in the following induction on the number 
of colors. 

Lemma 3.11. For each k > 2 and to > 2, if fk{rn) < n < k m — fk(m), then 
the to x n grid has a distinguishing k-coloring. 

Proof. We proceed by induction on k. The case k = 2 is precisely Lemma 13.101 
Now fix k > 2. Our inductive hypothesis will be that for each to > 2, the to x n 
grid has a distinguishing (k — l)-coloring if fk-i{m) < n < (k — l) rn — /&_i(m). 
We wish to prove that for each to > 2, the m x n grid has a distinguishing 
fc-coloring if fk (to) < n < k m — ft (to) . 

We first claim that it is sufficient to prove that for each to > 2, the mxn grid 
has a distinguishing fc-coloring if fk{m) < n < fk-i(m). We check the other 
cases below. If fk-i(m) < n < (k — l) m — fk-i(m) then the mxn grid has 
a distinguishing (k — l)-coloring by the inductive hypothesis, which is certainly 
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also a distinguishing fc-coloring. Now consider in particular a distinguishing 
(fc — l)-coloring c of the m x ((fc — l) m — A-i( m )) grid, which we may view as 
a fc-coloring where the color fc is never used. There are k m — (k — l) m column 
colorings that use color fc at least once and hence cannot be obtained via a 
permutation from any column coloring in c. Then by Lemma 13.71 the to x n 
grid has a distinguishing fc-coloring if 

(fc-l) m -A-i(m)<n 

and 

n < {k-l) m - f k -x{m) + k m -{k-l) m 
= k m -f k -i(m). 

Next, we note that by Lemma ITU the m x I grid has a distinguishing fc-coloring 
for all I such that fc m — A-i( m ) < Z < fc m — A( TO ) if and only if the mxn grid 
has a distinguishing fc-coloring for all n such that A( m ) < n < A-i( ?Tl )- Thus 
we need only consider the case A( m ) <n< fk-i(m). 

To prove our claim that for each m > 2, the mxn grid has a distinguishing 
fc-coloring if fk(jn) < n < fk-i(m), we proceed again by induction, this time 
on m, with base case 2 < m < fc. If 2 < to < fc (and fc > 2 is still fixed), then 
/fe(m) = /fe-i(m) = 1 and the condition /fc(m) < n < fk-i(m) is vacuous. So 
the statement is (vacuously) true for m < fc. If m = fc, then fk(jn) = 1 < n < 
/fe-i(w) = 2 so 77- = 1 and there docs indeed exist a distinguishing fc-coloring of 
the to x 1 grid. 

Now assume inductively that each i with 2 < i < m has the property that 
the i x 77 grid has a distinguishing fc-coloring if fk(i) <n< fk-i(i)- We wish to 
show that the mxn grid has a distinguishing fc-coloring if fk (m) < n < fk-i ("7) ■ 
Only the case 777 > fc remains to be considered. 

If to > fc, then /fe(m) > 2 so 77 > //c(to) > 2. So since 77 < /a;-i(to) < m, it 
suffices to prove that //,-(t7) < m < fc" — fk{n), for the inductive hypothesis then 
gives that the n x m grid has a distinguishing fc-coloring. The first inequality 
is certainly true since fk{n) < 77 < to. As for the second, note that by its 
definition, fk(m) satisfies m < fc^ fc ( m ) — fkifkim))- Now, one may show that 
fk{x) increases by at most 1 when x increases by 1. Then k x — fk(x) is an 
increasing function of x, so since 77 > /^(to), we have to < fc" — A- (77) as desired. 
We conclude that if /a;(to) < n < k m — A- (to), then we have a distinguishing 
fc-coloring of the mxn grid. 

□ 

We combine these results below to prove Theorem 1-3 . 21 

Proof. Fix fc, to > 2. If 77 satisfies A( m ) < ^ < k m — A( m ) then the mxn grid 
has a distinguishing fc-coloring by Lemma l3.11l On the other hand, if 77 < A( TO ) 
or 77 > fc r " — A( m ) then the mxn grid does not have a distinguishing fc-coloring 
by Lemmas 13.31 13.51 and 13.61 So there exists a distinguishing fc-coloring of the 
to x 77 grid if and only if A( m ) ^ n ^ k m — A( TO )- Then by definition of 
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the distinguishing number, fs mX s„(H X [n]) = minjfe > 2 | /fc(m) < n < 
k m -f k (m)}. 

Note that we only needed to consider colorings using at least 2 colors because 
m > 2 implies that S m x S n is nontrivial and so acts with distinguishing number 
at least 2. □ 

For k fixed, the function /fc(m) grows approximately logarithmically with 
m. Thus, the expression k m — fk{m) is dominated by k m for large m. So 
for a hxed m sufficiently large, the distinguishing number f s mX s„(H x M) 
grows approximately like the function t^n when n becomes large. Tablcngivcs 
Z?5 mX 5 ri ([m] x [n]) for m and n between 1 and 10. 



m, n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


2 


2 


2 


2 


3 


3 


3 


3 


3 


4 


4 


3 


3 


2 


2 


2 


2 


2 


3 


3 


3 


3 


4 


4 


3 


2 


2 


2 


2 


2 


2 


2 


2 


5 


5 


3 


2 


2 


2 


2 


2 


2 


2 


2 


6 


6 


3 


2 


2 


2 


2 


2 


2 


2 


2 


7 


7 


3 


3 


2 


2 


2 


2 


2 


2 


2 


8 


8 


3 


3 


2 


2 


2 


2 


2 


2 


2 


9 


9 


4 


3 


2 


2 


2 


2 


2 


2 


2 


10 


10 


4 


3 


2 


2 


2 


2 


2 


2 


2 



Table 1: The distinguishing number of the action of S m x S n on [m] x [n 



4 Discussion and open questions 

Section|21shows that we can characterize the distinguishing number of G ly H on 
X x Y if we have information about n r , the number of distinct distinguishing 
r-colorings of the action of G on X, for each r. We saw that n r could be 
computed when G was the automorphism group of a tree or when G = A n or 
S„. It would be useful to find other examples of group actions for which the 
n r can be explicitly computed. Regarding Section [21 we ask whether one can 
provide a closed formula for the distinguishing number of S m x S n in its action 
on [m] x [n] . We also ask what the distinguishing number of the general direct 
product action is. 

There are many interesting questions to ask regarding the distinguishing 
number of group actions. In j^], for example, we define D(G) to be the maximum 
distinguishing number admitted by a given group G. Given two groups G and 
H such that H < G, we ask whether it must be the case that D(H) < D(G). 
We also ask for a characterization of the set 

l-DcQn]) | G is a transitive subgroup of S n }. 



14 



Note that we require our group G to be transitive, for otherwise each distin- 
guishing number k between 1 and n could be achieved by taking a subgroup of 
S n that fixes each fc+l,fc + 2,...,n and whose action on 1, . . . , k is isomorphic 
to the action of Sk- 

We refer the reader to [ft] for other open questions. 

5 Acknowledgments 

This research was conducted at the University of Minnesota Duluth Research 
Experience for Undergraduates, while the author was a student at Yale Univer- 
sity, and supported by the National Science Foundation (DMS-0137611). The 
author would like to thank Melanie Wood and Philip Matchett for many ideas 
and suggestions on drafts of this paper and to Joseph Gallian for his support 
and encouragement. 

References 

[1] M. Albertson and K. Collins, An introduction to symmetry breaking in 
graphs, Graph Theory Notes N.Y. 30 (1996) 6-7. 

[2] M. Albertson and K. Collins, Symmetry breaking in graphs, Electronic J. 
Combin. 3 (1996). 

[3] B. Bogstad and L. Cowen, The distinguishing number of the hypercube, 
Discrete Math. 283 (2004) 29-35. 

[4] P.J. Cameron, Permutation Groups, in: R.L. Graham, M. Grotschel, L. 
Lovasz (Eds.), Handbook of Combinatorics, Vol. 1, Cambridge, 1995, 611- 
645. 

[5] M. Chan, The distinguishing number of the augmented cube and hypercube 
powers, preprint, available at http://arxiv.org/pdf/math.CO/0601361 . 

[6] M. Chan, The maximum distinguishing number of a group, 
to appear in Electronic J. Combinatorics, available at 
http://arxiv.org /pdf/math.CO/0601359| . 

[7] C.C.T. Cheng, Three problems in graph labeling, Ph.D. Thesis, Depart- 
ment of Mathematical Sciences, Johns Hopkins University, 1999. 

[8] E. Dobson and J. Morris. Automorphism groups of wreath product di- 
graphs, submitted. 

[9] M. Hall, The Theory of Groups, Macmillan, New York, 1959. 

[10] R. L. Hcmminger, The lexicographic product of graphs, Duke Math. J. 33 
(1966) 499-501. 



15 



[11] K. Potanka, Groups, graphs and symmetry breaking, Masters Thesis, De- 
partment of Mathematics, Virginia Polytechnic Institute, 1998. 

[12] G. Sabidussi, The composition of graphs, Duke Math. J. 26 (1959) 693-696. 

[13] J. Tymoczko, Distinguishing numbers for graphs and groups, Electronic J. 
Combin. 11(1) (2004). 



16 



